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Motivation

• Dualities in CM and QFT

• Particle-Vortex duality and its applications to the Fractional 
Quantum Hall Effect

• Conjectured dualities, bosonization and fermionization

• Loop models: flux attachment, duality and periodicity

• Periodicity  vs Fractional Spin

• Implications for Fractional Quantum Hall fluids
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Dualities

• EM duality: E ⟺ B, electric charges ⟺ magnetic monopoles⇒Dirac 
quantization


• 2D Ising Model: Kramers-Wannier duality, high T ⟺ low T, order ⟺ disorder


• Duality of the 3D ℤ2 gauge theory ⟺ 3D Ising model, order ⟺ confinement


• Particle-Vortex duality: electric charge ⟺ vortex (magnetic charge)


• Mappings between phases of matter, most often between different theories


• Conjectured web of dualities between CFTs in 2+1 dimensions
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Fractional Quantum Hall Effect

• Flux attachment for statistical transmutation


• Landau-Ginzburg theory (Read; Zhang, Hansson and Kivelson: Non-Relativistic abelian-
Higgs model with a Chern-Simons term: Electrons are “composite” bosons coupled to m 
fluxes


• Fermionic flux attachment (Jain, López and Fradkin, Halperin, Lee and Read)


• FQH plateau: composite bosons condense; the excitations are anyonic vortices


• FQH insulator: bosons are uncondensed and the gapped excitations are fermions


• Universal phase diagram for the FQH states based on particle-vortex duality (Kivelson, 
Lee and Zhang) with “super-universal” transitions (superconductor-insulator transition)


• Apparent self-duality  at the plateau transitions (I ⟷ V) (Shimshoni, Sondhi and Shahar)
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Bosonic Particle-Vortex Duality

• Particle-vortex duality of 3D XY model (Peskin, Stone, Halperin-Dasgupta)


• U(1) broken symmetry phase (m2 < 0); excitations: closed quantized vortex 
lines with long range interactions


• U(1) unbroken symmetry phase (m2 > 0); excitations: massive charged 
bosons, closed worldlines with short-range repulsive interactions


• Duality: particles ⟺ vortices, high T ⟺ low T, strong coupling ⟺ weak coupling


• The 3D XY model as a loop model: lattice partition function sums over 
configurations of closed loops with short-range repulsive interactions


• Phase diagram for FQH fluids (Kivelson, Lee and Zhang) and plateau transitions


• 2+1-dimensional boson-boson complex scalar field theory mapping
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Web of Dualities

Recently conjectured dualities between fixed points (relativistic CFTs)


Fermionic particle-vortex duality (“QED3”) (Son, Metlitski-Vishwanath):
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Our Strategy
Goldman and EF, Phys. Rev. B 97, 195112 (2018); ibid. 98, 165137 (2018)

• “Derive” this web of dualities using quantum loop models near 
criticality, but still in the gapped phases.


• These models are related to modular invariant models 
originally introduced by Kivelson and myself


• Modular invariance cannot be kept close to the CFT.


• “Fractional spin” breaks modular invariance, and gives rise to 
Dirac fermions, leading to loop model based  “proofs” of the 
CFT duality web.
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Quantum Loop Models and Duality
(EF and Kivelson 1996)

• Non-intersecting linked loops [J𝜇] in 3D Euclidean space-time (with no spin) with 
exact particle-hole symmetry

• flux attachment with fractional statistics 𝜃, long ranged interactions with 
coupling g, and short-range repulsion (to avoid crossings)

• The imaginary part of the action is given in terms of the loops linking number
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Field theory picture: 2+1 D complex scalar field coupled to 3+1 D Maxwell field with a 𝜃 term
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Self-Duality and Modular Invariance

• The partition functions of loop models  regularized without self-linking 
(fractional spin) have the symmetries

• 𝑆: duality: Z[τ]=Z[-1/τ], and 𝒯: Periodicity: Z[τ]=Z[τ+1]

• 𝑆 and 𝒯 generate the modular group PSL(2,ℤ)

• The partition function is self dual at the fixed points of the modular group

• Two types of PSL(2,ℤ) fixed points: “bosonic” and “fermionic”

• FK showed that the finite modular fixed points are quantum critical points with 
𝜎xx ≠ 0 and 𝜎xy = 0

• The predicted conductivities are different in the FK loop models and the 
relativistic web of dualities
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Modular parameter:
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The Role of Fractional Spin

• The linking number of two separate loops 𝑙1 and 𝑙2 is

• Witten: point-split the loops into ribbons so that the writhe is a frame-
dependent topological invariant W[𝑙] = SL[𝑙] = integer. Only consistent 
deep in the topological phase, not as the critical point is approached.

• Polyakov: no-point splitting and W[𝑙] = SL[𝑙] - T[𝑙] (writhe = self-linking - 
twist)

T[𝑙] is a Berry phase (fractional spin) and e is the tangent vector to the 
loop. The twist T[𝑙] is not quantized and depends on the metric.
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Fractional Spin: 
Periodicity Lost, 3D Bosonization Regained
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L[J]: length of loop, 𝛷[J]: linking number (including the spin factor)

• T[𝑙] is not quantized. Means Duality 𝑆 remains a symmetry, but periodicity 𝒯 
is lost

• Polyakov: fractional spin leads to the (IR) duality between a complex 
massive scalar with CS at k = 1 and a massive Dirac spinor (with a parity 
anomaly)

• Loop model representation

Zfermion = det[i/@ �M ] =
Z
DJ �(@µJµ) e�|m|L[J]�isign(M)⇡�[J]

<latexit sha1_base64="JOz3VvnM9X5V21YRnTQnea2nCzc="></latexit><latexit sha1_base64="gvk0163/DjASSvEOn5Kq+epoyvs="></latexit><latexit sha1_base64="gvk0163/DjASSvEOn5Kq+epoyvs="></latexit><latexit sha1_base64="gvk0163/DjASSvEOn5Kq+epoyvs="></latexit><latexit sha1_base64="kO59cm/W//LWDO0rGNfdeSQGxWA=">AAAB9HicbVDLSsNAFL2prxqr1rWbwSK4KokbXQpuXFawD2hLmUxu2qGTSZi5EUrpyp1bv8Kd+Dd+hP/g9LFJ64ELh3Mu93GiXElLQfDjVfb2Dw6Pqsf+Sc0/PTuv1zo2K4zAtshUZnoRt6ikxjZJUtjLDfI0UtiNpo9Lv/uKxspMv9Asx2HKx1omUnByUmtUbwTNYAW2S8INacAGo/rvIM5EkaImobi1/TDIaTjnhqRQuPAHhcWciykf43x13IJdOylmSWZcaWIrtdTHU2tnaeQ6U04Tu+0txX+9KC3t6xeU3A/nUucFoRbrxUmhGGVs+TmLpUFBauYIF0a6i5mYcMMFuXxKk617bYLxwnfxhNth7JLObTMMmuFzAFW4hCu4gRDu4AGeoAVtEBDDO3x4b96n97WOseJt8ryAErzvP39qlUc=</latexit><latexit sha1_base64="K6Kha57V+VVxgeGVc3hs11SnD78="></latexit><latexit sha1_base64="K6Kha57V+VVxgeGVc3hs11SnD78="></latexit><latexit sha1_base64="0Lvim4iMEFaRbGy+ivNoSlwUGZQ="></latexit><latexit sha1_base64="0Lvim4iMEFaRbGy+ivNoSlwUGZQ="></latexit><latexit sha1_base64="gvk0163/DjASSvEOn5Kq+epoyvs="></latexit><latexit sha1_base64="gvk0163/DjASSvEOn5Kq+epoyvs="></latexit><latexit sha1_base64="gvk0163/DjASSvEOn5Kq+epoyvs="></latexit><latexit sha1_base64="gvk0163/DjASSvEOn5Kq+epoyvs="></latexit><latexit sha1_base64="kO59cm/W//LWDO0rGNfdeSQGxWA=">AAAB9HicbVDLSsNAFL2prxqr1rWbwSK4KokbXQpuXFawD2hLmUxu2qGTSZi5EUrpyp1bv8Kd+Dd+hP/g9LFJ64ELh3Mu93GiXElLQfDjVfb2Dw6Pqsf+Sc0/PTuv1zo2K4zAtshUZnoRt6ikxjZJUtjLDfI0UtiNpo9Lv/uKxspMv9Asx2HKx1omUnByUmtUbwTNYAW2S8INacAGo/rvIM5EkaImobi1/TDIaTjnhqRQuPAHhcWciykf43x13IJdOylmSWZcaWIrtdTHU2tnaeQ6U04Tu+0txX+9KC3t6xeU3A/nUucFoRbrxUmhGGVs+TmLpUFBauYIF0a6i5mYcMMFuXxKk617bYLxwnfxhNth7JLObTMMmuFzAFW4hCu4gRDu4AGeoAVtEBDDO3x4b96n97WOseJt8ryAErzvP39qlUc=</latexit><latexit sha1_base64="K6Kha57V+VVxgeGVc3hs11SnD78="></latexit><latexit sha1_base64="K6Kha57V+VVxgeGVc3hs11SnD78="></latexit><latexit sha1_base64="0Lvim4iMEFaRbGy+ivNoSlwUGZQ="></latexit><latexit sha1_base64="0Lvim4iMEFaRbGy+ivNoSlwUGZQ="></latexit><latexit sha1_base64="gvk0163/DjASSvEOn5Kq+epoyvs="></latexit><latexit sha1_base64="gvk0163/DjASSvEOn5Kq+epoyvs="></latexit><latexit sha1_base64="gvk0163/DjASSvEOn5Kq+epoyvs="></latexit><latexit sha1_base64="gvk0163/DjASSvEOn5Kq+epoyvs="></latexit><latexit sha1_base64="kO59cm/W//LWDO0rGNfdeSQGxWA=">AAAB9HicbVDLSsNAFL2prxqr1rWbwSK4KokbXQpuXFawD2hLmUxu2qGTSZi5EUrpyp1bv8Kd+Dd+hP/g9LFJ64ELh3Mu93GiXElLQfDjVfb2Dw6Pqsf+Sc0/PTuv1zo2K4zAtshUZnoRt6ikxjZJUtjLDfI0UtiNpo9Lv/uKxspMv9Asx2HKx1omUnByUmtUbwTNYAW2S8INacAGo/rvIM5EkaImobi1/TDIaTjnhqRQuPAHhcWciykf43x13IJdOylmSWZcaWIrtdTHU2tnaeQ6U04Tu+0txX+9KC3t6xeU3A/nUucFoRbrxUmhGGVs+TmLpUFBauYIF0a6i5mYcMMFuXxKk617bYLxwnfxhNth7JLObTMMmuFzAFW4hCu4gRDu4AGeoAVtEBDDO3x4b96n97WOseJt8ryAErzvP39qlUc=</latexit><latexit sha1_base64="K6Kha57V+VVxgeGVc3hs11SnD78="></latexit><latexit sha1_base64="K6Kha57V+VVxgeGVc3hs11SnD78="></latexit><latexit sha1_base64="0Lvim4iMEFaRbGy+ivNoSlwUGZQ="></latexit><latexit sha1_base64="0Lvim4iMEFaRbGy+ivNoSlwUGZQ="></latexit><latexit sha1_base64="gvk0163/DjASSvEOn5Kq+epoyvs="></latexit><latexit sha1_base64="gvk0163/DjASSvEOn5Kq+epoyvs="></latexit><latexit sha1_base64="gvk0163/DjASSvEOn5Kq+epoyvs="></latexit><latexit sha1_base64="gvk0163/DjASSvEOn5Kq+epoyvs="></latexit><latexit sha1_base64="0Lvim4iMEFaRbGy+ivNoSlwUGZQ="></latexit>

For general statistical angle 𝜃 we have the loop model 

Z =
Z
DJ �(@µJµ) e�|m|L[J]+i✓�[J]

<latexit sha1_base64="Wyt8fh4+ETwFxGOCGyAZYleWfvM="></latexit><latexit sha1_base64="DiCTbb9zTh5GHAf3pcmTq2MyODY="></latexit><latexit sha1_base64="DiCTbb9zTh5GHAf3pcmTq2MyODY="></latexit><latexit sha1_base64="DiCTbb9zTh5GHAf3pcmTq2MyODY="></latexit><latexit sha1_base64="kO59cm/W//LWDO0rGNfdeSQGxWA=">AAAB9HicbVDLSsNAFL2prxqr1rWbwSK4KokbXQpuXFawD2hLmUxu2qGTSZi5EUrpyp1bv8Kd+Dd+hP/g9LFJ64ELh3Mu93GiXElLQfDjVfb2Dw6Pqsf+Sc0/PTuv1zo2K4zAtshUZnoRt6ikxjZJUtjLDfI0UtiNpo9Lv/uKxspMv9Asx2HKx1omUnByUmtUbwTNYAW2S8INacAGo/rvIM5EkaImobi1/TDIaTjnhqRQuPAHhcWciykf43x13IJdOylmSWZcaWIrtdTHU2tnaeQ6U04Tu+0txX+9KC3t6xeU3A/nUucFoRbrxUmhGGVs+TmLpUFBauYIF0a6i5mYcMMFuXxKk617bYLxwnfxhNth7JLObTMMmuFzAFW4hCu4gRDu4AGeoAVtEBDDO3x4b96n97WOseJt8ryAErzvP39qlUc=</latexit><latexit sha1_base64="Orxe9gaFOMEWQSS5PAjnF7nPijs="></latexit><latexit sha1_base64="Orxe9gaFOMEWQSS5PAjnF7nPijs="></latexit><latexit sha1_base64="Qiq0WfVOVWMu0+Vj4Dw86Ffrqqk="></latexit><latexit sha1_base64="Qiq0WfVOVWMu0+Vj4Dw86Ffrqqk="></latexit><latexit sha1_base64="DiCTbb9zTh5GHAf3pcmTq2MyODY="></latexit><latexit sha1_base64="DiCTbb9zTh5GHAf3pcmTq2MyODY="></latexit><latexit sha1_base64="DiCTbb9zTh5GHAf3pcmTq2MyODY="></latexit><latexit sha1_base64="DiCTbb9zTh5GHAf3pcmTq2MyODY="></latexit><latexit sha1_base64="Qiq0WfVOVWMu0+Vj4Dw86Ffrqqk="></latexit>
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• Can we use this to “derive” the web of dualities? Yes! 

• First step: We introduce background fields to the boson side of Polyakov’s 
duality in the unbroken phase

Exact rewriting  as loop model coupled to gauge fields

Fractional Spin: 
Periodicity Lost, 3D Bosonization Regained

LB = |D[a]�|2 �m2
0|�|2 � |�|4 + 1

4⇡ ada + 1
2⇡ adA

<latexit sha1_base64="hILbSeSFbGohM/sLvyVLhFybNak="></latexit><latexit sha1_base64="HjMjbjNHVz0YR9DhbkFAs6ghPCg="></latexit><latexit sha1_base64="HjMjbjNHVz0YR9DhbkFAs6ghPCg="></latexit><latexit sha1_base64="HjMjbjNHVz0YR9DhbkFAs6ghPCg="></latexit><latexit sha1_base64="kO59cm/W//LWDO0rGNfdeSQGxWA=">AAAB9HicbVDLSsNAFL2prxqr1rWbwSK4KokbXQpuXFawD2hLmUxu2qGTSZi5EUrpyp1bv8Kd+Dd+hP/g9LFJ64ELh3Mu93GiXElLQfDjVfb2Dw6Pqsf+Sc0/PTuv1zo2K4zAtshUZnoRt6ikxjZJUtjLDfI0UtiNpo9Lv/uKxspMv9Asx2HKx1omUnByUmtUbwTNYAW2S8INacAGo/rvIM5EkaImobi1/TDIaTjnhqRQuPAHhcWciykf43x13IJdOylmSWZcaWIrtdTHU2tnaeQ6U04Tu+0txX+9KC3t6xeU3A/nUucFoRbrxUmhGGVs+TmLpUFBauYIF0a6i5mYcMMFuXxKk617bYLxwnfxhNth7JLObTMMmuFzAFW4hCu4gRDu4AGeoAVtEBDDO3x4b96n97WOseJt8ryAErzvP39qlUc=</latexit><latexit sha1_base64="we/ArsJfNZ3PbSpruEGlqxbA1bg="></latexit><latexit sha1_base64="we/ArsJfNZ3PbSpruEGlqxbA1bg="></latexit><latexit sha1_base64="Qltk4uqIRkqPygqs+jKczgPM/MU="></latexit><latexit sha1_base64="tMDV4J1yV+PkpGa1UpTmgYpXIdE="></latexit><latexit sha1_base64="HjMjbjNHVz0YR9DhbkFAs6ghPCg="></latexit><latexit sha1_base64="HjMjbjNHVz0YR9DhbkFAs6ghPCg="></latexit><latexit sha1_base64="HjMjbjNHVz0YR9DhbkFAs6ghPCg="></latexit><latexit sha1_base64="HjMjbjNHVz0YR9DhbkFAs6ghPCg="></latexit><latexit sha1_base64="tMDV4J1yV+PkpGa1UpTmgYpXIdE="></latexit>

Z[A] =
Z
DJDa �(@µJµ) e�|m|L[J]+iS[J,a,A]

<latexit sha1_base64="CPjsxTJveirAfGTcDa0eLAC6mqc="></latexit><latexit sha1_base64="5YjxSwFWYXfDAKqcOyrkQmZ8brc="></latexit><latexit sha1_base64="5YjxSwFWYXfDAKqcOyrkQmZ8brc="></latexit><latexit sha1_base64="5YjxSwFWYXfDAKqcOyrkQmZ8brc="></latexit><latexit sha1_base64="kO59cm/W//LWDO0rGNfdeSQGxWA=">AAAB9HicbVDLSsNAFL2prxqr1rWbwSK4KokbXQpuXFawD2hLmUxu2qGTSZi5EUrpyp1bv8Kd+Dd+hP/g9LFJ64ELh3Mu93GiXElLQfDjVfb2Dw6Pqsf+Sc0/PTuv1zo2K4zAtshUZnoRt6ikxjZJUtjLDfI0UtiNpo9Lv/uKxspMv9Asx2HKx1omUnByUmtUbwTNYAW2S8INacAGo/rvIM5EkaImobi1/TDIaTjnhqRQuPAHhcWciykf43x13IJdOylmSWZcaWIrtdTHU2tnaeQ6U04Tu+0txX+9KC3t6xeU3A/nUucFoRbrxUmhGGVs+TmLpUFBauYIF0a6i5mYcMMFuXxKk617bYLxwnfxhNth7JLObTMMmuFzAFW4hCu4gRDu4AGeoAVtEBDDO3x4b96n97WOseJt8ryAErzvP39qlUc=</latexit><latexit sha1_base64="Kls3leiFpZG6kC0YA1MEN/Drc2A="></latexit><latexit sha1_base64="Kls3leiFpZG6kC0YA1MEN/Drc2A="></latexit><latexit sha1_base64="SlFdnclzFOGAiX7I4l8ZhfhSdoY="></latexit><latexit sha1_base64="SlFdnclzFOGAiX7I4l8ZhfhSdoY="></latexit><latexit sha1_base64="5YjxSwFWYXfDAKqcOyrkQmZ8brc="></latexit><latexit sha1_base64="5YjxSwFWYXfDAKqcOyrkQmZ8brc="></latexit><latexit sha1_base64="5YjxSwFWYXfDAKqcOyrkQmZ8brc="></latexit><latexit sha1_base64="5YjxSwFWYXfDAKqcOyrkQmZ8brc="></latexit><latexit sha1_base64="SlFdnclzFOGAiX7I4l8ZhfhSdoY="></latexit>

S[J, a,A] =
Z

d3x


J(a�A) +

1
4⇡

ada� 1
4⇡

AdA + . . .

�

<latexit sha1_base64="EfV7VHOncwSPhT7IetPseGN4oR4="></latexit><latexit sha1_base64="EbJ2wzRDRZ2cCybuOwJzY0eKDxA="></latexit><latexit sha1_base64="EbJ2wzRDRZ2cCybuOwJzY0eKDxA="></latexit><latexit sha1_base64="EbJ2wzRDRZ2cCybuOwJzY0eKDxA="></latexit><latexit sha1_base64="kO59cm/W//LWDO0rGNfdeSQGxWA=">AAAB9HicbVDLSsNAFL2prxqr1rWbwSK4KokbXQpuXFawD2hLmUxu2qGTSZi5EUrpyp1bv8Kd+Dd+hP/g9LFJ64ELh3Mu93GiXElLQfDjVfb2Dw6Pqsf+Sc0/PTuv1zo2K4zAtshUZnoRt6ikxjZJUtjLDfI0UtiNpo9Lv/uKxspMv9Asx2HKx1omUnByUmtUbwTNYAW2S8INacAGo/rvIM5EkaImobi1/TDIaTjnhqRQuPAHhcWciykf43x13IJdOylmSWZcaWIrtdTHU2tnaeQ6U04Tu+0txX+9KC3t6xeU3A/nUucFoRbrxUmhGGVs+TmLpUFBauYIF0a6i5mYcMMFuXxKk617bYLxwnfxhNth7JLObTMMmuFzAFW4hCu4gRDu4AGeoAVtEBDDO3x4b96n97WOseJt8ryAErzvP39qlUc=</latexit><latexit sha1_base64="JCENDJlJDXWtfXgDePlefqIFsxU="></latexit><latexit sha1_base64="JCENDJlJDXWtfXgDePlefqIFsxU="></latexit><latexit sha1_base64="foVBj+YSuRovTdmN8T+5rfo22rs="></latexit><latexit sha1_base64="foVBj+YSuRovTdmN8T+5rfo22rs="></latexit><latexit sha1_base64="EbJ2wzRDRZ2cCybuOwJzY0eKDxA="></latexit><latexit sha1_base64="EbJ2wzRDRZ2cCybuOwJzY0eKDxA="></latexit><latexit sha1_base64="EbJ2wzRDRZ2cCybuOwJzY0eKDxA="></latexit><latexit sha1_base64="EbJ2wzRDRZ2cCybuOwJzY0eKDxA="></latexit><latexit sha1_base64="foVBj+YSuRovTdmN8T+5rfo22rs="></latexit>

Integrating-out a results in a term involving the linking number and the spin factor 

�⇡ �[J ] +
Z

d3x


JA� 1

4⇡
AdA

�

<latexit sha1_base64="bva+fZ2mdxDOsUi5iJ9tw1iD+ZE="></latexit><latexit sha1_base64="i4yWxsEM9D9qVeevIM3peeAY7vg="></latexit><latexit sha1_base64="i4yWxsEM9D9qVeevIM3peeAY7vg="></latexit><latexit sha1_base64="i4yWxsEM9D9qVeevIM3peeAY7vg="></latexit><latexit sha1_base64="kO59cm/W//LWDO0rGNfdeSQGxWA=">AAAB9HicbVDLSsNAFL2prxqr1rWbwSK4KokbXQpuXFawD2hLmUxu2qGTSZi5EUrpyp1bv8Kd+Dd+hP/g9LFJ64ELh3Mu93GiXElLQfDjVfb2Dw6Pqsf+Sc0/PTuv1zo2K4zAtshUZnoRt6ikxjZJUtjLDfI0UtiNpo9Lv/uKxspMv9Asx2HKx1omUnByUmtUbwTNYAW2S8INacAGo/rvIM5EkaImobi1/TDIaTjnhqRQuPAHhcWciykf43x13IJdOylmSWZcaWIrtdTHU2tnaeQ6U04Tu+0txX+9KC3t6xeU3A/nUucFoRbrxUmhGGVs+TmLpUFBauYIF0a6i5mYcMMFuXxKk617bYLxwnfxhNth7JLObTMMmuFzAFW4hCu4gRDu4AGeoAVtEBDDO3x4b96n97WOseJt8ryAErzvP39qlUc=</latexit><latexit sha1_base64="YsfvLkgAkF8VIw/S0SlEGS/QBXI="></latexit><latexit sha1_base64="YsfvLkgAkF8VIw/S0SlEGS/QBXI="></latexit><latexit sha1_base64="H1D6l5HTNtfw1BbgqkurC1C7H6g="></latexit><latexit sha1_base64="H1D6l5HTNtfw1BbgqkurC1C7H6g="></latexit><latexit sha1_base64="i4yWxsEM9D9qVeevIM3peeAY7vg="></latexit><latexit sha1_base64="i4yWxsEM9D9qVeevIM3peeAY7vg="></latexit><latexit sha1_base64="i4yWxsEM9D9qVeevIM3peeAY7vg="></latexit><latexit sha1_base64="i4yWxsEM9D9qVeevIM3peeAY7vg="></latexit><latexit sha1_base64="H1D6l5HTNtfw1BbgqkurC1C7H6g="></latexit>
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LF =  ̄(i /D[A]�M) � 1
8⇡

AdA
<latexit sha1_base64="2/wHMU+syZJylZ+AYhVs772int4="></latexit><latexit sha1_base64="WoH4dG7fn95Lz7+OXy2gYAbF11A="></latexit><latexit sha1_base64="WoH4dG7fn95Lz7+OXy2gYAbF11A="></latexit><latexit sha1_base64="WoH4dG7fn95Lz7+OXy2gYAbF11A="></latexit><latexit sha1_base64="kO59cm/W//LWDO0rGNfdeSQGxWA=">AAAB9HicbVDLSsNAFL2prxqr1rWbwSK4KokbXQpuXFawD2hLmUxu2qGTSZi5EUrpyp1bv8Kd+Dd+hP/g9LFJ64ELh3Mu93GiXElLQfDjVfb2Dw6Pqsf+Sc0/PTuv1zo2K4zAtshUZnoRt6ikxjZJUtjLDfI0UtiNpo9Lv/uKxspMv9Asx2HKx1omUnByUmtUbwTNYAW2S8INacAGo/rvIM5EkaImobi1/TDIaTjnhqRQuPAHhcWciykf43x13IJdOylmSWZcaWIrtdTHU2tnaeQ6U04Tu+0txX+9KC3t6xeU3A/nUucFoRbrxUmhGGVs+TmLpUFBauYIF0a6i5mYcMMFuXxKk617bYLxwnfxhNth7JLObTMMmuFzAFW4hCu4gRDu4AGeoAVtEBDDO3x4b96n97WOseJt8ryAErzvP39qlUc=</latexit><latexit sha1_base64="cvKv5pbdOjuDirfUo+Bl02UnqUI="></latexit><latexit sha1_base64="cvKv5pbdOjuDirfUo+Bl02UnqUI="></latexit><latexit sha1_base64="UC/C0GWeDI3jX9lUmP1hXZdX7F8="></latexit><latexit sha1_base64="UC/C0GWeDI3jX9lUmP1hXZdX7F8="></latexit><latexit sha1_base64="WoH4dG7fn95Lz7+OXy2gYAbF11A="></latexit><latexit sha1_base64="WoH4dG7fn95Lz7+OXy2gYAbF11A="></latexit><latexit sha1_base64="WoH4dG7fn95Lz7+OXy2gYAbF11A="></latexit><latexit sha1_base64="WoH4dG7fn95Lz7+OXy2gYAbF11A="></latexit><latexit sha1_base64="UC/C0GWeDI3jX9lUmP1hXZdX7F8="></latexit>

with M<0

Zfermion[A;M < 0] e�i CS[A]/2 =
Z
DJ �(@µJµ) e�|m|L[J]+iSfermion[J,A;M<0]e�i CS[A]/2

<latexit sha1_base64="PWqXNbeYQTo9yxO44PSxw17o42g="></latexit><latexit sha1_base64="tfA9oVZMf4sB7ugMNC7uu26kf0A="></latexit><latexit sha1_base64="tfA9oVZMf4sB7ugMNC7uu26kf0A="></latexit><latexit sha1_base64="tfA9oVZMf4sB7ugMNC7uu26kf0A="></latexit><latexit sha1_base64="kO59cm/W//LWDO0rGNfdeSQGxWA=">AAAB9HicbVDLSsNAFL2prxqr1rWbwSK4KokbXQpuXFawD2hLmUxu2qGTSZi5EUrpyp1bv8Kd+Dd+hP/g9LFJ64ELh3Mu93GiXElLQfDjVfb2Dw6Pqsf+Sc0/PTuv1zo2K4zAtshUZnoRt6ikxjZJUtjLDfI0UtiNpo9Lv/uKxspMv9Asx2HKx1omUnByUmtUbwTNYAW2S8INacAGo/rvIM5EkaImobi1/TDIaTjnhqRQuPAHhcWciykf43x13IJdOylmSWZcaWIrtdTHU2tnaeQ6U04Tu+0txX+9KC3t6xeU3A/nUucFoRbrxUmhGGVs+TmLpUFBauYIF0a6i5mYcMMFuXxKk617bYLxwnfxhNth7JLObTMMmuFzAFW4hCu4gRDu4AGeoAVtEBDDO3x4b96n97WOseJt8ryAErzvP39qlUc=</latexit><latexit sha1_base64="Mw7RAdetF6nFyOQ5su9nIc3n2lQ="></latexit><latexit sha1_base64="Mw7RAdetF6nFyOQ5su9nIc3n2lQ="></latexit><latexit sha1_base64="oiGQyIAkNOXeGAFMfVRdDFizj5k="></latexit><latexit sha1_base64="oiGQyIAkNOXeGAFMfVRdDFizj5k="></latexit><latexit sha1_base64="tfA9oVZMf4sB7ugMNC7uu26kf0A="></latexit><latexit sha1_base64="tfA9oVZMf4sB7ugMNC7uu26kf0A="></latexit><latexit sha1_base64="tfA9oVZMf4sB7ugMNC7uu26kf0A="></latexit><latexit sha1_base64="tfA9oVZMf4sB7ugMNC7uu26kf0A="></latexit><latexit sha1_base64="oiGQyIAkNOXeGAFMfVRdDFizj5k="></latexit>

Loop model representation

Sfermion[J,A;M < 0] =
Z

d3x

✓
JA� 1

8⇡
AdA

◆
� ⇡�[J ]

<latexit sha1_base64="LLHDwE5TTf3cMPYeN4PADuk60N0="></latexit><latexit sha1_base64="NISuBviYLWUtHMjp7VIQUdrB1MA="></latexit><latexit sha1_base64="NISuBviYLWUtHMjp7VIQUdrB1MA="></latexit><latexit sha1_base64="NISuBviYLWUtHMjp7VIQUdrB1MA="></latexit><latexit sha1_base64="kO59cm/W//LWDO0rGNfdeSQGxWA=">AAAB9HicbVDLSsNAFL2prxqr1rWbwSK4KokbXQpuXFawD2hLmUxu2qGTSZi5EUrpyp1bv8Kd+Dd+hP/g9LFJ64ELh3Mu93GiXElLQfDjVfb2Dw6Pqsf+Sc0/PTuv1zo2K4zAtshUZnoRt6ikxjZJUtjLDfI0UtiNpo9Lv/uKxspMv9Asx2HKx1omUnByUmtUbwTNYAW2S8INacAGo/rvIM5EkaImobi1/TDIaTjnhqRQuPAHhcWciykf43x13IJdOylmSWZcaWIrtdTHU2tnaeQ6U04Tu+0txX+9KC3t6xeU3A/nUucFoRbrxUmhGGVs+TmLpUFBauYIF0a6i5mYcMMFuXxKk617bYLxwnfxhNth7JLObTMMmuFzAFW4hCu4gRDu4AGeoAVtEBDDO3x4b96n97WOseJt8ryAErzvP39qlUc=</latexit><latexit sha1_base64="rK0plCabwUyllqSHnIPIIUbxFXA="></latexit><latexit sha1_base64="rK0plCabwUyllqSHnIPIIUbxFXA="></latexit><latexit sha1_base64="sqG3pu0Xkql/zCANqSS06A2JO4c="></latexit><latexit sha1_base64="sqG3pu0Xkql/zCANqSS06A2JO4c="></latexit><latexit sha1_base64="NISuBviYLWUtHMjp7VIQUdrB1MA="></latexit><latexit sha1_base64="NISuBviYLWUtHMjp7VIQUdrB1MA="></latexit><latexit sha1_base64="NISuBviYLWUtHMjp7VIQUdrB1MA="></latexit><latexit sha1_base64="NISuBviYLWUtHMjp7VIQUdrB1MA="></latexit><latexit sha1_base64="sqG3pu0Xkql/zCANqSS06A2JO4c="></latexit>

The bosonization identity in the phase with broken time reversal, M>0, is 
obtained by a particle vortex duality in the bosonic theory



Loop Models: Tools for Deriving Dualities

!16

1. Start with a proposed duality and write down boson loop models for each 
theory using Polyakov’s duality.

2. Use path integral manipulations to equate the two loop model partition 
functions.

3. Match both sides of the critical point using bosonic particle-vortex duality. 
Relates superfluid of particles to insulator of vortices.

4. The dualities are IR identities

5. In the bosonic theories the short-distance repulsion between loops become 
the 𝜙4 coupling, which in the massless limit flow in the IR into the WF fixed 
point 



Example: Fermion particle-vortex duality

!17

• Case for opposite mass signs (QH phase) follows from the same logic

• Current mapping also natural upon integrating out b: 

Use loop models to derive the duality between free Dirac fermion and QED3 with 
(quantized) Chern-Simons terms

Z
d3xJµA

µ + ⇡�[J ] �⇡�[J ] +

Z
d3x


Jµa

µ � 1

2⇡
adb+

2

4⇡
bdb� 1

2⇡
bdA

�

Integrate out a, b

 ̄�µ  ! 1

4⇡
✏µ⌫�@

⌫a�

i ̄ /D[A] � 1
8⇡ AdA$ i ̄ /D[a] + 1

8⇡ ada� 1
2⇡ adb + 2

4⇡ bdb� 1
2⇡ bdA
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(derived earlier by EF and F. Schaposnik, 1994) 



Compressible “FQH” states and Duality

• The Jain sequences of FQH states 𝜈(p, n)=p/(2np±1) converge to 𝜈=1/(2n) where 
the FQH gap vanishes ↦ Halperin, Lee, Read theory of a composite Fermi liquid


• This theory had great successes. It also has problems: in the simplest case, 
n=1, 𝜈↦ 1/2 and PH symmetry is expected (for large B). 


• HLR is not compatible with PH (DH Lee)


• The “Fermi liquid” is a “Non-Fermi liquid”


• Son proposed a relativistic version of HLR which satisfies PH 


• At finite 𝜇 (Fermi surface!) this is still a “non-Fermi liquid”


• What about the 𝜈=1/2n  compressible states where PH should not hold?
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1/2n Compressible States

• Compressible states with 𝜈=1/2n are 
predicted by the Jain sequences


• They are seen in experiment


• PH does not hold for general n


• Reflection symmetry of the I-V curves 
at plateau transitions 


• Interpreted as evidence of particle-
vortex duality (Shahar, Shimshoni, 
Sondhi)


• For 𝜈=1/2 PH symmetry relates ρxx to 
𝜎xx and 𝜈⟷1-𝜈
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Symmetries at 1/2n Compressible States

• The same reflection symmetry is seen at 𝜈=1/4, 
locus of 𝜈=1/3 ↦ 0 transition (where 𝜈↛ 1-𝜈), with 
ρxy=-3e2/h


• This is not PH symmetry!


• For 𝜈=1/2n the symmetry is between the Jain 
states at 𝜈=p/(2np+1) and 𝜈’=(1+1)/(2n(1+p)-1), 
both converging to 1/2n


• For reflection symmetry to hold the HLR 
composite fermions must have 𝜎xy=-e2/2h


• Flux attachment breaks PH and reflection explicitly


• Same problems in Son’s theory which needs to be 
modified to treat 𝜈 and 𝜈’ equitably

!20



Reflection symmetry at 𝜈=1/2n

• A is the external gauge field of strength B, and a is the Chern-Simons 
field (flux attachment)

!21
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Reflection symmetry and boson self-duality

• First line: fermion-boson duality

• Second line: boson-vortex duality

• relates 𝜈𝜙  to - 1/𝜈𝜑

• 𝜈=1/2n ⟺ 𝜈𝜙 = - 𝜈𝜑=1

• Reflection related filling fractions 𝜈𝜙 (𝜈) = - 𝜈𝜑(𝜈’)

• Reflection symmetry is boson-vortex exchange

• Reflection symmetry at 𝜈=1/2n ⟺  boson self-duality!
!22

L1/2n $ |Dg�A�|2 � |�|4 +
1
4⇡

1
2n� 1

gdg

$ |Dh'|2 � |'|4 � 2n� 1
4⇡

hdh +
1
2⇡

hdA
<latexit sha1_base64="kP9k4FXvGzUVUsd8j6VtdLjXrjg="></latexit>



Conclusions

• Loop models offer a bridge to the “derivation” of the web of dualities for 
relativistic theories


• The loop models are always interacting  and scalar fields are never free


• Fractional spin plays a key role


• It is always possible to find a dual theory


• Periodicity of flux attachment, and SL(2,ℤ), is not a symmetry for 
relativistic theories


• New insights from duality (and self-duality) on the 𝜈=1/2n states of the 
FQH fluids
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